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Multiport Analysis of Arbitrary Circular-Rod
Insets in Rectangular Waveguide by the

Generalized Admittance Matrix
Gian Guido Gentili

Abstract—An original generalized-admittance-matrix (GAM)
approach for the analysis of multiport junctions in rectangular
waveguide having an arbitrary circular-rod inset is presented in
this paper. The method is based on an efficient computation of the
GAM for the blocks that compose the structure. The efficiency is
due to the fact that, for each block, the full three-dimensional GAM
is obtained by solving a set of uncoupled two-dimensional prob-
lems. The accuracy and efficiency of the method developed have
been assessed by comparing the results obtained with some mea-
sured data and with data obtained by the finite-element method.

Index Terms—Combline filters, generalized admittance matrix.

I. INTRODUCTION

C IRCULAR rod insets in rectangular waveguides and/or
resonators have been used quite often in both “classic”

and more recent filter applications. They are used in combline
filters, where facing rods are used, one as part of the resonators,
the other acting as a tuning element [1], [2], and matching
or tuning by circular screws is used in T-junctions or cross
junctions, with applications to diplexers and phase shifters.
Finally, they can simply represent tuning screws and inductive
or capacitive posts in rectangular waveguides filters [3], [4]. In
all these applications, when the post height is smaller than the
waveguide height, the analysis is not trivial because the problem
is three-dimensional (3-D) and the simultaneous presence of
circular- and rectangular-shape elements makes the application
of standard modal approaches difficult. Quite recently, the
two-port case (posts in a waveguide) were analyzed by Zaki
et al. [1] by a radial mode-matching approach. The two-port
case is interesting in the frame of combline filters applications
because the filter can be realized by cascading basic cells of
multimode two-port networks. However, the simple cascade
connection limits the analysis to the case of filters where
only direct coupling between adjacent resonators is used. The
important case of meander combline filters, implementing
arbitrary transmission zeros, cannot be analyzed by connecting
two-port networks. That class of filters, whose importance is
rapidly growing in mobile communications, requires additional
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Fig. 1 . Port numbering for a generic four-port structure and radial geometry
of an arbitrary circular rod inset.

couplings and a more complex topology. In this paper, we
use the generalized-admittance-matrix (GAM) concept to
analyze general multiport structures (up to four ports) with
arbitrary circular rod insets (see Fig. 1). The advantages of the
GAM are flexibility (simple manipulation of rather complex
geometries by recursive submatrix computation), relatively
small matrix size, and direct computation with no large matrix
inversion. This last feature is attractive in filter applications
since the GAMs of the basic cells can be directly connected
without the need to compute the generalized scattering matrix
(GSM). This latter can be computed only as a final step and for
reduced-size matrices involving only accessible modes. The
formulation developed in this paper is based on a particular
decomposition of the structure allowing the transformation
from the original 3-D problem to a set of simpler uncoupled
two-dimensional (2-D) problems. For these, efficient routines
have been developed, leading to a remarkable speed of analysis
for the entire structure.

The paper is organized as follows. The formulation is dis-
cussed in detail in Section II and then several numerical and
measured results are presented. The comparison with measure-
ments allows to point out the good accuracy of the method de-
veloped even with a moderate number of basis functions.
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II. FORMULATION

A. General Remarks

The two main blocks the structure has been divided into are
a cylindrical and transition region. The latter has been analyzed
by a very efficient approach discussed in previous papers [5],
[6]. When applied to the problem discussed in this paper, the
method developed in [5] allows an interesting further advantage,
consisting in an unusual shift in the reference planes, leading to
a sort of desegmentation of the structure.

A radial GAM approach has been developed to analyze the
cylindrical inner region, representing a general coaxial/circular
resonator to which rectangular waveguides are connected. An
example of a four-port structure is shown in Fig. 1, where the
inner fictitious cylindrical region is denoted by a dashed line.
This figure actually represents a four-port multimode structure
obtained by combining an inner four-port structure (repre-
senting the generic circular rod inset and up to the fictitious
circular boundary) with four transition regions representing
the rectangular-to-curved surface connection. The transition
regions has been analyzed with a very efficient procedure that
computes the full 3-D GAM by solving several 2-D problems,
and a similar decomposition can be adopted also when com-
puting the GAM for the internal cylindrical region. In this case,
the full 3-D GAM is obtained by computing several 2-D GAM,
constituting the radial GAMs defined for a specified value of
the azimuthal index .

B. Block Decomposition

The structure is divided into an internal part (comprising the
arbitrary coaxial loading and up to ports 9–12 in Fig. 1) and
two or moretransition regions[a transition region is the phys-
ical structure between rectangular waveguide ports (1–4), and
curved ports (5–8)]. Connection between the blocks is carried
out by directly connecting the GAMs. The general “connection
problem” can be represented by assuming that a generic device

, whose GAM is , must be connected to a generic device
, whose GAM is through a common subset of ports. Ma-

trices and can be partitioned into submatrices relative
to the common subset of ports as follows:

(1)

where it is assumed that the ports subsetof device is con-
nected to the ports subsetof device . After the connection,
device results, whose GAM is whose ports are the ports subset

of device and the ports subsetof device . One finds

(2)

where .

Since the transition regions are uncoupled from one another,
the connection of one region at a time is convenient since it
corresponds to smaller matrix inversions.

We can now specialize to the computation of GAMs for the
two sub-blocks.

C. Transition Region

The transition regions connect the external ports (1–4 in
Fig. 1) to the internal fictitious boundary (defined by ports
9–12). The reference planes are defined by parameterin
Fig. 1. The single transition region can be efficiently analyzed,
as in [5], by a GAM approach based on a 2-D contour inte-
gral defined for each value of the discrete parameter(the
wavenumber along coordinate). For any fixed , the 2-D
contour integral is obtained from Green’s second identity

(3)

where and are Hertz-type potentials, are suitable
testing functions (solutions of Helmholtz equation),is the 2-D
boundary of the transition region, and indicates derivative
in the normal direction. The potentials and their normal deriva-
tives are expanded on the boundary in a set of basis function and
the following set of testing function is used:

(4)

where and .
Owing to the wise choice of the testing functions, the GAM
relative to all desired modes is obtained in less than a second
on a simple personal computer (PC).

An further interesting feature of the method in [5] is the pos-
sibility to choose parameterquite arbitrarily. In our case, the
most advantageous choice is to set . In this case, the con-
nection between the four transition regions and the internal fic-
titious boundary shifts the reference planesinsidethe structure,
yielding an output boundary (ports 1–4) square in shape. This
corresponds to adesegmentationof the structure [7]. The ad-
vantage of the method developed in [5] is that the shift in the
reference planes is embedded in the method (is a parameter
arbitrarily chosen in the method) and no further manipulation is
needed (the alternative way to shift the reference planes directly
on the GAM is to connect waveguide sections of positive/nega-
tive length).

D. Internal Arbitrary Coaxial Loading and the Radial GAM

We use a cylindrical coordinate system (, , ) and make
constant reference to Fig. 1. The internal part of the structure,
up to the fictitious output boundary , is analyzed by a
new radial GAM approach. The GAM approach makes use of
a dyadic Green’s function of the admittance typeyielding
the magnetic field for any given electric field applied on the
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boundary of a generic coaxial-type region defined by an inner
radius and an outer radius . As an example, a three-re-
gion internal structure is shown in Fig. 1. In order to compute the
GAM for a generic closed region, one must define a set of basis
functions to expand the electric field and a corresponding
set of testing functions to test the magnetic field . The
generic element of the GAM is defined as

(5)

where is the th basis function, is the inward normal unit
vector, is a closed surface, and is the elementary
surface element. The definition in (5), combined with the use
of normalized basis functions, leads to a symmetric GAM (the
proof allows from the reciprocity theorem), which is a useful
feature in the analysis. Function has been obtained, after
some lengthy manipulations, by a radial-wave expansion and
its transverse (to ) part takes on the following form:

(6)

where

(7)

(8)

(9)

(10)

In (7)–(10), , is the generic coaxial cavity height
(along ), and

(11)

(12)

(13)

(14)

In (11)–(14), , , ,
is the radius where the magnetic field is computed,

is the radius where the electric field is applied, andindi-
cates the derivative with respect to. Functions ,
are the -dependency of Hertz-like potentials. Setting

, a stable representation (that overcame numerical
overflow/underflow errors) is as follows:

if is real

if is imaginary
(15)

if is real

if is imaginary
(16)

where are the standard (modified) Bessel’s
functions of order of the first and second kinds, respectively,
the prime ( ) indicates derivative with respect to the argument,
and is a radius where perfect-conductor boundary conditions
are applied ( or ). When the region is simply circular (no
inner conductor), then or
according to .

A 2-D radial GAM is obtained by fixing parameter(this cor-
responds to taking the inner sums in (7)–(10). Any circular rod
configuration can be solved for fixed by expanding the un-
known along only. The unknown is expanded on each inter-
mediate boundary in Fig. 1 and up to the output boundary using
a sinusoidal basis. By cascading radial GAMs (for fixed) for
each region, one gets the whole radial GAM representing the
arbitrary rod configuration for any fixed at the output radial
boundary [the final GAM is obtained by a simple recursive pro-
cedure obtained from (2)]. Let us now indicate by the ma-
trix thus obtained, and let its generic element be represented by

. Indexes and are related to the-dependency only
of basis and testing functions. Then let and represent the
indexes of the sinusoidal basis and testing functions along the
curved ports 9–11 so that each basis function is associated with
the index pair (, ) and each testing function with pair (, ).
Element of thefinal GAM for the internal re-
gion at ports 9–11 in Fig. 1 can be expressed as

(17)

where and represent the frequency-in-
dependent projection coefficients linking the basis and testing
functions defined on the ports to the corresponding functions
defined on thewholeexternal boundary. Note that the projec-
tions refer tovariable only since the -dependency is already
included in . Note also that this transformation is applied
at the output boundary only, independent of the complexity of
the internal cylindrical insets structure.

E. Two- and Four-Port Structures

The two-port case is analyzed by setting anglein Fig. 1 to
180 and by using two transition regions. The resulting geom-
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Fig. 2. Geometry and fictitious boundary for a two-port structure with an
arbitrary circular rod inset.

etry is shown in Fig. 2. In this case, although one could still use
to fix the reference planes at the middle of the coaxial

loading, any value can be used.
The three-port case is obtained by computing the whole GAM

for the four-port case and by short circuiting one-ports (this cor-
respond to extracting a submatrix from the
GAM, being the number of modes at each port). Also, in the
case of a two-port structure with orthogonal ports (say, ports 1
and 3 in Fig. 1), the full four-port matrix is computed and the
corresponding submatrix is then extracted.

In the case of a four-port device, as in Fig. 1, one can exploit
the fourfold symmetry of the structure. By referring the GAM
to the output curved ports using subscripts (9–11, as in Fig. 1),
and by using the block circulant property of matrix, one can
express it as

(18)

where superscript indicates transposition. From (18), one can
observe that only submatrices , , and must be
computed.

III. RESULTS AND CONVERGENCEDISCUSSION

The method developed has been applied to two-, three-, and
four-port structures. For four-port (and three-port) structures,
the algorithm runs slower than for two-port structures by a factor
of about two. The CPU time for a two-port analysis, using 60
modes in rectangular waveguide was about 1 s/frequency point
on a PC Pentium 350 MHz. The convergence was observed to
be quite good even with a moderate number of basis functions
(along and on the intermediate boundaries in Fig. 1). Con-
vergence depends on four indexes: we can identify two indexes
related to the basis functions expansions (say,and , the
subscript being related to coordinatesand , respectively),
and two indexes related to series (7)–(10) (say, and ).
It was observed that yields very good results in all
cases. In order to show some partial results on the convergence
properties of the method, we have focused on parameter
(in decibels) obtained by varying index for a two port-struc-
ture. The results are presented in Fig. 3, where convergence is
compared with accurate measurements carried out at the Centro
Studi per le Telecomunicazioni Spaziali (CSELT), Milan, Italy
( and large values of and were used). The pa-
rameter shown in this figure on the horizontal axis is actually
the maximumindex along , computed for . At internal

Fig. 3. Convergence of parameterjS j (in decibels) for two facing posts
(r = r = 7:5 mm, 4- and 2-mm height, respectively) in a rectangular
waveguide WR75 (center-band frequency).

Fig. 4. Two-port network: comparison between measured and simulated
S-parameters. Two facing posts havingr = r = 7:5 mm, 4- and 2-mm
height, respectively in a rectangular waveguide (WR75).

cylindrical cavity regions having , smaller values of
were used. Also in this case, a maximum index repre-
sents a good tradeoff between speed of analysis and accuracy.
As a general rule, the choice of indexes and can be car-
ried out as follows:

where depends on the geometry and is a fixed parameter
(obtained simply by observing the global convergence of the
method). The figure corresponds to two facing posts of the same
radius (7.5 mm) and of 4- and 2-mm heights, respectively, and
the frequency is the center-band frequency in the rectangular
waveguide used. The complete comparison between measured
and simulated data for the previous post is shown in Fig. 4.

In Fig. 5, a two-port network consisting of two reentrant
posts (sketched in the same figure) is shown. The inset structure
consists of a cylindrical post partially inserted in a second
hollow cylindrical post, both inserted in a waveguide. The
waveguide has mm and mm. The smaller post
has 2-mm radius and 10-mm height. The larger post has 6-mm
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Fig. 5. Two-port network: comparison between simulatedS-parameters by
the method in this paper and by the FEM (Hewlett-Packard HFSS program).
Two reentrant posts (one-half of the structure is shown in this figure) having
d = 4 mm,h = 10 mm, d = 8 mm, d = 12 mm,h = 10 mm, and
h = 3 mm in a rectangular waveguide (a = 15 mm,b = 30 mm).

Fig. 6. Three-port network: 90� T-junction between three WR75 waveguides
with a cylindrical inset consisting of two facing posts havingr = 7:5 mm,
r = 2:5 mm, h = 4:06 mm, andh = 2:06 mm. Comparison between
measurements and simulations.

radius and 10-mm height, and a metal thickness of 2 mm. The
analysis was applied by dividing the structure in four regions
(see Fig. 1). The figure compares the results obtained in this
paper with those of finite elements (Hewlett-Packard HFSS
program). The agreement is good, although convergence of
the finite-element method (FEM) was observed as being rather
slow.

A further example is shown in Fig. 6. In this case, a three-port
structure is shown and the results obtained by this method are
compared with measurements on a test prototype built for vali-
dation purposes. The prototype comprises two facing posts (of
15- and 5–mm diameter and 4.06- and 2.06-mm height, respec-
tively) centered in a 90T-junction between three WR75 wave-
guides. -parameters have been measured two by two by con-
necting a matched load to either ports of the structure. The
agreement between measurements and simulation is good and

the small differences may be ascribed to small mechanical tol-
erances in the post alignment and/or location.

IV. CONCLUSION

A new GAM approach for the multiport analysis of rectan-
gular waveguides/resonators loaded by arbitrary circular rods
insets has been presented in this paper. The method is based on
the combination of two efficient techniques that solve the full
3-D problem by reducing it to a set of uncoupled 2-D prob-
lems. The internal structure has been solved by a new radial
GAM approach, combining flexibility, accuracy, and good effi-
ciency. The method has been validated by comparing the results
found with measured and simulated (by FEM) data for two- and
three-ports structures.
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